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Topological nodal points in two coupled SSH chains
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We study two coupled Su-Schrieffer-Heeger (SSH) chains system, which is shown to contain rich
quantum phases associated with topological invariants protected by symmetries. In the weak cou-
pling region, the system supports two non-trivial topological insulating phases, characterized by
winding number N = ±1, and two types of edge states. The boundary between the two topolog-
ical phases arises from two band closing points, which exhibit topological characteristics in one-
dimensional k space. By mapping Bloch states on a vector field in k space, the band degenerate
points correspond to a pair of kinks of the field, with opposite topological charges. Two topological
nodal points move and merge as the inter-chain coupling strength varies. This topological invariant
is protected by the translational and inversion symmetries, rather than the antiunitary operation.
Furthermore, we find that when a pair of nodal points is created, a second order quantum phase
transition (QPT) occurs, associating with a gap closing and spontaneously symmetry breaking. This
simple model demonstrates several central concepts in the field of quantum materials and provides
a theoretical connection between them.
PACS numbers: 03.65.Vf, 64.70.Tg, 11.30.Er, 71.10.Fd
I. INTRODUCTION
Topological gapless systems have emerged as a new
frontier in the field of quantum materials [1–17]. As a
joint of two quantum phases, topological gapless systems
have band structures with band-touching points in the
momentum space, where these kind of nodal points ap-
pear as topological defects of an auxiliary vector field.
Then these points are unremovable due to the symmetry
protection, until a pair of them meet together and anni-
hilate. In general, the studied systems are usually 2-D
and 3-D with the broken time-reversal symmetry. The
central goal of this work is to understand the physics of
topological gapless system from the point of view of the
1-D model. A particular advantage in working within the
1-D system is that all the parameters of this model can
be easily accessed within the existing technology of cold-
atomic experiments [18–20]. On the other hand, we find
that unlike the topological gapless systems in 2-D, the
magnetic flux is not necessary for the quasi 1-D system.
In this work, we systematically study two coupled Su-
Schrieffer-Heeger (SSH) chains system. Comparing to
SSH chain, this ladder system contains rich quantum
phases associated with topological invariants protected
by symmetries. In the weak coupling region, the system
supports two non-trivial topological insulating phases,
characterized by winding number N = ±1, and two
types of edge states for the open ladder. We focus on
the boundary between these two quantum phases. We
find that the boundary phase arises from two band clos-
ing points, which exhibit topological characteristics in
the one-dimensional k space. We investigate the topo-
logical feature of the boundary by mapping Bloch states
∗ songtc@nankai.edu.cn
on a vector field in k space and find that, the band de-
generate points correspond to a pair of kinks of the field,
with opposite topological charges. As the inter-chain cou-
pling strength varies, two topological nodal points move
and merge in k space. In contrast to the case of 2-D
semimetal phase, the topological invariant is protected by
the translational and inversion symmetries, rather than
the antiunitary operation.
In conventional QPTs, quantum phases are differen-
tiated by the symmetry [21], while topological matters
are classified according to topological invariants [22, 23].
The possible connection between two regimes is studied
in a class of quantum spin models [24]. In this work,
we find that when a pair of nodal points is created, a
second order quantum phase transition (QPT) occurs,
associating with a gap closing and spontaneously trans-
lational and inversion symmetry breaking. This simple
model provides an alterative example to demonstrate the
coexistence two types of QPTs, revealing the connection
between them.
The remainder of this paper is organized as follows. In
Sec. II, we present a two coupled-SSH chain model and
the quantum phase diagram, characterized by winding
number and edge states. Sec. III reveals the topolog-
ical feature of nodal points. Sec. IV demonstrates the
behavior of topological gapless system in the presence of
several types of perturbations. Sec. V devotes to the
symmetries that protect the topological invariants. Fi-
nally, we present a summary and discussion in Sec. VI.
II. MODEL AND PHASE DIAGRAM
The SSH model [25] has served as a paradigmatic ex-
ample of the 1-D system supporting topological character
[26]. It has an extremely simple form but well manifests
the typical feature of topological insulating phase, and
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FIG. 1. (Color online) Schematics of the two coupled SSH
chains and the formation of edge states. The system consists
of two sublattices A and B, indicated by filled and empty cir-
cles, respectively (a) Hopping amplitudes along each chain are
staggered by v (double line) and w (single line). The inter-
chain hopping amplitude is t (dotted line). (b) Deformation
of the system without changing the lattice structure. In this
geometry a unit cell (circled by the blue line) contains two
sites. In the case of t ≫ v,w > 0, the interchain dimeriza-
tion (circled by the blue line) results in topologically trivial
insulating phase, since there is no edge state. (c) In the limit
w ≫ v, t > 0, edge states form at sites A and B. (d) Edge
states form at sites C and D in the case v ≫ w, t > 0.
the transition between non-trivial and trivial topological
phases, associated with the number of zero energy edge
states as the topological invariant [27].
We consider a two coupled SSH chains system, which
has a two-leg ladder structure. Fig. 1(a) sketches the ge-
ometry of the system, in which the hopping amplitudes
in each leg is staggered and the rung indicates the inter-
leg hopping. Such a ladder system is a bipartite lattice
system, consisting of two sub-lattices A and B. We write
down the Hamiltonian for the system in a simple form
H =
N∑
j=1
(wa†j+1bj + va
†
jbj+1 + ta
†
jbj) + H.c., (1)
where a†l and b
†
l are the creation operators of fermion at
lth site of sub-lattice A and B, respectively. For a peri-
odic boundary condition, which just like a ring, we take
a†N+1 = a
†
1 and b
†
N+1 = b
†
1, while for an open one, we take
a†N+1 = b
†
N+1 = 0. The ring situation can be a descrip-
tion for the bulk part of the system, i.e., the long central
part of the open ladder. Taking the transformation{
ak =
1√
N
∑
j e
ikjaj
bk =
1√
N
∑
j e
ikjbj
, (2)
we have
H =
∑
k
Hk =
∑
k
(a†k, b
†
k)hk
(
ak
bk
)
, (3)
where
hk =
(
0 weik + ve−ik + t
we−ik + veik + t 0
)
, (4)
and the wave vector k = pi(2n−N)/N , (n = 0, 1, ..., N −
1). The Hamiltonian H can be easily diagonalized since
[Hk, Hk′ ] = 0. Therefore, the phase boundary can be
obtained by the zero points of the spectrum
εk = ±
√
|we−ik + veik + t|2. (5)
From εk = 0, we have equations{
(w + v) cos kc + t = 0,
(w − v) sin kc = 0, (6)
which determine the phase boundary and the position
of band degeneracy point kc. There are two types of
boundaries, depending on the value of kc. For sinkc 6= 0
we have w = v and cos kc = −t/(2v). Then the first type
of the boundary is
w = v, |2v/t| > 1, (7)
which corresponds to two band degeneracy points ± |kc|.
On the other hand, for sinkc = 0, we have cos kc =
−t/(w+ v), it results in the second type of the boundary
|(w + v) /t| = 1, (8)
which corresponds to a single band degeneracy point pi or
−pi. We note that there are two triplet points at w/t =
v/t = ±1/2, which are joints connecting two types of
boundary. We will see that such two types of boundaries
correspond to topologically trivial and non-trivial states.
Now we focus on the quantum phases separated by the
obtained boundaries. Matrix hk is the core of the Hamil-
tonian, containing all the information of the system. We
rewrite hk as the form
hk = d(k) · σ (9)
with a 3-D vector

dx(k)= (w + v) cos k + t,
dy(k)= (v − w) sink,
dz(k)=0,
(10)
3where σ represents 3-D Pauli matrix. The topology of
the energy bands in each areas can be characterized by
the loop of the curve [24]
{
x=(w + v) cos k + t,
y=(v − w) sin k, (11)
in the auxiliary space (x, y). The feature of the quantum
phase is characterized by the topology of the loop. The
winding number of the loop around the origin of xy plane
is defined as
N = 1
2pi
∫
c
1
r2
(xdy − ydx) , (12)
where r2 = x2 + y2. A straightforward derivation from
above definition yields
N =
{
0, |t| > |w + v|
sgn(v2 − w2), otherwise , (13)
where sgn(.) denotes the sign function. It shows that
there are three phases with N = 0, ±1, respectively.
Actually, the conclusion of Eq. (13) can be obtained
directly from the geometry of the loop represented by
the parametric equations (11). Obviously, the loop is an
ellipse with center located at (t, 0) in the xy plane, with
the length of semiaxis along the x (or y) axis is |w + v| (or
|w − v|) (see Fig. 5). When |t| > |w + v|, the origin is out
of the ellipse, resulting zero winding number. Otherwise,
the winding number is ±1. On the other hand, as k
increases from −pi to pi, the rotating direction of the loop
depends on the sign of the ratio [(∂x/∂k)/(∂y/∂k)]k=pi/4
= − (w + v) / (v − w), or the sign of (v2 − w2).
We plot the phase diagram in Fig. 2. According to the
bulk-edge correspondence [22, 23], there should be gap-
less edge states when the bulk states are topologically
nontrivial. Therefore, the quasi-zero modes should ap-
pear for finite open ladder when the parameters are taken
in the region (I) and (III), but be absent in the region
(II). To demonstrate this point, we plot the energy levels
as functions of v/t along the lines (a) v/t−w/t = −1, (b)
v/t−w/t = 0, (c) v/t+w/t = 2, and (d) v/t+w/t = 0,
in the phase diagram, respectively. The plot in Fig. 3 are
in agreement with the analysis, manifesting topological
zero-energy modes for non-trivial areas.
We also plot the band structures presented by Eq. (5)
for several typical points in different phases and at the
phase boundary in Fig. 4. We note that the zero points
exhibit different geometries for different regions on the
boundary. At boundaries between (I) and (III), there
are always two zero points except for the triple points.
In contrast, at boundaries between (II) and (I) or (III),
there is always a single point. In the following section, we
investigate this feature from the perspective of topology.
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FIG. 2. (Color online) Phase diagram of the coupled SSH
chains system on the vw plane (in unit of t). The green line
indicates the boundary separated the phases with Chern num-
ber c = ±1. The blue line indicates the boundary separated
the phases with Chern number |c| = 1 and 0.
III. TOPOLOGICAL FEATURE OF ZERO
POINTS
Now we focus on the state at the boundary of the sys-
tem. From the analysis above, we know that there are
two types of boundaries, which separate two quantum
phases (I) and (III), (I) and (II) or (III) respectively.
What makes this interesting is that for the first type of
boundary, the winding number difference between two
neighboring phases is 2, while is 1 for the second type
of boundary. This can be seen from the equation of the
loop presented in Eq. (11). In general, the curve is an
ellipse with center located at (t, 0) in the xy plane. For
the first type of boundary, the curve reduces to{
x=2v cos k + t,
y=0,
(14)
which presents a segment of x axis with length 4 |v| and
the center located at (t, 0). Along the boundary, only
the length of the segment varies. For the second type of
boundary, the curve become
(x− t)2
(w + v)
2
+
y2
(w − v)2=1, (15)
which presents a normal ellipse passing through the origin
(0, 0). Along the boundary, only the length of the semi-
axis of the ellipse changes. To demonstrate this point,
we plot graphs presented by Eq. (11) to schematically il-
lustrate the difference between these two types of bound-
aries with trivial and non-trivial topologies. It indicates
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FIG. 3. (Color online) Energy spectra for the Hamiltonian in Eq. (1) as a function of v/t on a 2 × N ladder with the open
boundary condition, obtained by exact diagonalization. The parameters obey the relations (a) v/t−w/t = −1, (b) v/t−w/t = 0,
(c) v/t+w/t = 2, and (d) v/t+w/t = 0. We see that energy gaps open in all three regions and the zero modes appear in the
regions of (I) and (III) in the case of (a). The energy gap opens only in the region of (II) in the case of (b). The zero points
in the regions of (I) and (III) are consisted of crossing points. In (c), there are always zero modes appear and the gap nearly
close when arrive the point v = w = 1. In (d), no zero modes appear all the time.
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FIG. 4. (Color online) Plots of the structure of the energy band described by Eq. (5) at some points fixed in the Fig. 2. t = 1
for all figures. Graphs (a)-(f) just show the energy band situation in the phase boundaries v = w and v +w = ±1. Meanwhile
(g)-(i) display what energy band situation is in different phase areas. One can see that some symmetric points in Fig. 2 have
the same band structure.
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FIG. 5. (Color online) Schematic illustration of two types
of boundaries by the geometry of graphs in the auxiliary xy
plane. Red filled circle indicates the origin. Winding num-
bers and graphs of non-trivial topological phases with (a1)
v2 − w2 > 0, (c1) v2 − w2 < 0. The non-trivial topological
boundary with (b1) w = v, always corresponds to the graph
of a segment. (a2) Graph and winding number of a trivial
topological insulating phase. (b2) and (c2) Graphs of trivial
topological boundary. They correspond to ellipses with vari-
ous shapes, but passing through the origin. We see that two
types of boundaries correspond to two completely different
types of graphs.
that these two types of boundaries correspond to two
completely different types of graphs. For the trivial one,
the loop passes through the origin one time, while twice
times for the non-trivial one, since the loop reduces to a
segment.
In the following, we investigate the phase boundary
from the other perspective. We introduce a 3-D vector
field F(k) in k space, which is defined as
F(k) = (〈σx〉k , 〈σy〉k , 〈σz〉k) (16)
where 〈σα〉k = 〈k|σα |k〉, (α = x, y, z), the expectation
value of σα for eigenstate |k〉 of hk. In the case of v = w,
we directly obtain
F(k) = (sgn(2v cos k + t), 0, 0) (17)
where sgn(.) denotes the sign function. We note that the
field F has a kink at the point kc = cos[t/(2v)], which
is the gap closing point of the first type of the bound-
ary. The topological charge of the kinks are 1 and −1,
respectively. In Fig. 6, we sketch the field F(k) to il-
lustrate the kinks. Therefore, we conclude that the first
type of nodal point is topologically protected. On the
other hand, for second type of boundary with parame-
ters satisfying |(w + v) /t| = 1, we have
F(k) = (sgn [t± (w + v)] , 0, 0), (18)
which has no kink in the k space. In this case, the nodal
point is topological trivial.
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FIG. 6. (Color online) Schematics of topologically nontrivial
field configurations. ±kc denote the position of band degener-
ate points, which correspond to zero filled points. (a) System
with 0 < |kc| < pi. There are two kinks at ±kc with opposite
topological charges. Two kinks can move towards or away
from each other as parameters vary, but cannot be removed
until the case (b) kc = 0, or (c) |kc| = pi. In (b) and (c), the
flip of the vectors between black and gray arrows indicates
the change of topology of the band degenerate point.
IV. PERTURBATIONS
The topological invariant for the topological boundary
is essentially the topologically unavoidable band touch-
ing points. It seems that there is nothing we can do to
the system to get rid of the band touching point under
the restriction in Eq. (7). Changing w can only change
the location of the band touching point. This topological
feature may be robust for some kind of perturbation but
fragile for others kinds. We consider two kinds of per-
turbations, with an extra diagonal hopping across two
neighboring plaquettes and staggered on-site potential,
respectively. Fig. 7 sketches the structures of two cases.
We will focus on the effects of the extra terms on the
topology of the boundary.
For the first case, the Hamiltonian can be written as
HD = H + tD
N∑
j=1
(a†jbj+2 +H.c.), (19)
where tD denotes the diagonal hopping amplitude. Based
on the Fourier transformations in Eq. (2), we still have
HD =
∑
k
(a†k, b
†
k)h
D
k
(
ak
bk
)
, (20)
6and
hDk = hk + 2tD cos 2k
(
0 1
1 0
)
. (21)
The spectrum is
εDk = ±
√
|we−ik + veik + t+ 2tD cos (2k)|2, (22)
which only has a shift on t, i.e., t→ t+2tD cos (2k), from
the spectrum εk in Eq. (5). Thus the zero point can be
obtained directly as following. Here we consider the case
that the diagonal term is added as a perturbation, i.e.,
small tD with |tD/v| ≪ 1. For sin kc 6= 0, εDk = 0 leads to
w = v and
cos kc ≈ − t
2v
(
1 +
tDt
v2
)
, (23)
which identifies the boundary line
w = v,
∣∣∣∣ t2v
(
1 +
tDt
v2
)∣∣∣∣ < 1. (24)
On the other hand, for sinkc = 0, the boundary is the
line
|w + v| = |t+ tD| . (25)
We note that for small tD, the phase diagram changes
a little comparing to the case with zero tD, but keeping
the original geometry. The position of the kink, kc shifts
a little, without changing the original topology, i.e., the
topological charge of the kink. Then the gapless state is
topologically invariant under the perturbation from the
tD−term.
For the second case, the Hamiltonian can be written
as
HV = H + V
N∑
j=1
(b†jbj − a†jaj), (26)
which indicates that particles on different sub-lattices
have opposite chemical potentials. The extra potentials
do not break the translational symmetry. By the same
procedure, we have
HV =
∑
k
(a†k, b
†
k)h
v
k
(
ak
bk
)
, (27)
and
hvk =
( −V weik + ve−ik + t
we−ik + veik + t V
)
. (28)
The spectrum is
εvk = ±
√
|we−ik + veik + t|2 + V 2, (29)
(b)
w
t
w
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w
t
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FIG. 7. (Color online) Schematics of two kinds of perturba-
tion on the coupled SSH chain at semi-metal point. (a) Di-
agonal hopping term (red line) with amplitude tD across two
neighboring plaquettes. (b) Staggered on-site potentials on
two sublattices indicated by filled and empty circles, respec-
tively. In the case of (a), the topology of zero-energy points
is invariant under the perturbations, while the gap opens for
non-zero V in the case (b). (c) Schematic illustration of the
mechanism of degenerate point which is irrelevant to the sym-
metry of the system. The ladder system is consisted of double
plaquette (circled by the red dotted line). The existence of
zero-energy degenerate point requires the balance of the local
parameters {wi, vi, wi, vi, ti}, presented in Eq. (49).
which clearly shows that the nonzero V can open a gap,
destroying the topological gapless state. In the vicinity
of kc, we have (
∂ |εvk|
∂V
)
k≈kc
≈ V|V | , (30)
which is discontinuous at the point V = 0. It is a critical
point of second-order quantum phase transition, which
is associated with inversion symmetry (exchange A and
B) breaking. In fact, condition w = v takes the role of
maintaining the inversion symmetry.
V. SYMMETRY PROTECTION OF KINKS
The kinks, as a topological invariant, should be pro-
tected by the certain symmetry of the system. In the
following, we investigate the symmetry associated with
the topological nodal points. The Hamiltonian possesses
many symmetries, for instance, translational symmetry,
time reversal symmetry, etc.. For w = v, the system
reduces to a ladder with identical legs. There are two
7specific symmetries related to the translational operator
Tˆ1 and inversion operator Pˆ , which are defined as
Tˆ1aj Tˆ
−1
1 = bj+1, Tˆ1bjTˆ
−1
1 = aj+1, (31)
and
Pˆ ajPˆ
−1 = bj, Pˆ bjPˆ−1 = aj . (32)
The action of Tˆ1 shifts a lattice space along the legs of the
ladder in Fig. 1(a). In general, Tˆ1 does not commute with
the Hamiltonian with w 6= v but Tˆ 21 does. In parallel,
the action of Pˆ exchange two sublattices A and B, or
two legs of the ladder in Fig. 1(a). In general, Pˆ does
not commute with the Hamiltonian except for the case
w = v. Then in the case of w = v, we have
[H, Tˆ1] = [H, Pˆ ] = 0. (33)
Operators H , Tˆ1, and Pˆ have common eigenstate set,
which can be obtained as
∣∣ψ±k 〉 = 1√
2N
∑
j
e−ikj (|j〉b ± |j〉a) , (34)
with the eigen energy
ε±k = ± |2v cos k + t| (35)
in the single-particle invariant subspace spanned by basis
|j〉a = a†j |0〉 and |j〉b = b†j |0〉. In general, these eigen-
states satisfy
Tˆ1
∣∣ψ±k 〉 = ±eik ∣∣ψ±k 〉 , (36)
and
Pˆ
∣∣ψ±k 〉 = ± ∣∣ψ±k 〉 . (37)
Nevertheless, the two-fold zero-energy degenerate states
(with the wave vector kc) of H can be expressed as∣∣∣ψa,bkc
〉
=
1√
N
∑
j
e−ikcj |j〉a,b , (38)
which satisfy
Tˆ1
∣∣ψakc〉 = eikc ∣∣ψbkc〉 , Tˆ1 ∣∣ψbkc〉 = eikc ∣∣ψakc〉 , (39)
and
Pˆ
∣∣ψakc〉 = ∣∣ψbkc〉 , Pˆ ∣∣ψbkc〉 = ∣∣ψakc〉 . (40)
This indicates that the nodal points at kc are protected
by the symmetry related to Tˆ1 or Pˆ .
Furthermore, when we consider the half-filled case, the
topological nodal point is connected to a QPT associated
with spontaneously symmetry breaking. We consider the
phase diagram along the axis w = v, which is sketched in
Fig. 8. A second order QPT occurs at v = ±t/2, since
the first order derivative of groundstate energy with the
respect to v is nonanalytic at the two points. This can be
seen from the fact that ε−k is nonanalytic at point k = kc.
In the region of |v/t| < 1/2, the gapped ground state can
be expressed as
|G〉 =
∏
k
∣∣ψ−k 〉 (41)
which is singlet. In the region of |v/t| > 1/2, the ground
states are gapless and have the form
|Ga,b〉 =
∣∣∣ψa,bkc
〉 ∏
k/∈kc
∣∣ψ−k 〉 (42)
which are double degenerate. Since
Tˆ1 |Ga〉 = − |Ga〉 , Tˆ1 |Gb〉 = − |Ga〉 , (43)
and
Pˆ
∣∣ψakc〉 = − ∣∣ψbkc〉 , Pˆ ∣∣ψbkc〉 = − ∣∣ψakc〉 , (44)
the translational Tˆ1 and inversion Pˆ symmetries are
spontaneously broken. Remarkably, the doubly degener-
ate ground states are topologically protected by the sym-
metries of translation Tˆ1 and inversion Pˆ . Thus, we come
to the conclusion that this model provides an example to
connect the topological QPT and the one associated with
spontaneous breaking, which has been studied previously
in the quantum spin system [24].
On the other hand, in the case of |(w + v)/t| = 1, the
two-fold zero-energy degenerate states are the form∣∣∣ψa,b± 〉 = 1√
N
∑
j
(±1)j |j〉a,b , (45)
which satisfy
Tˆ1
∣∣ψa±〉 = ± ∣∣ψb±〉 , Tˆ1 ∣∣ψb±〉 = ± ∣∣ψa±〉 , (46)
and
Pˆ
∣∣ψa±〉 = ∣∣ψb±〉 . (47)
Although
∣∣∣ψa,b± 〉 and ∣∣∣ψa,bkc
〉
have the similar properties,
in this situation, we have
[H, Tˆ1] 6= 0, [H, Pˆ ] 6= 0. (48)
The nodal point is irrelevant to the symmetry of the sys-
tem. It may be due to the mechanism of this type of
degeneracy. We note that the key point of the degen-
eracy arises from the balance of local parameters. As
illustrated in Fig. 7(c), a general ladder is consisted of
many double plaquettes. The existence of degeneracy
requires
|wi + vi| = |wi + vi| = |ti| (49)
8/v t
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FIG. 8. (Color online) Schematic phase diagram of ground
state of half-filled spinless fermionic system along the axis of
w = v. In the region of |v/t| > 1, the translational T1 and
inversion P symmetries are spontaneously broken, associated
with gapless ground state. In the region of |v/t| < 1, the
ground state is gapful and possesses the translational T1 and
inversion P symmetries.
for every double plaquette indexed by i. There should be
infinite sets of parameters {wi, vi, wi, vi, ti} satisfy the
equations. In this sense, such degeneracy is accident and
irrelevant to the symmetry of the system.
We close this section by noting that the operator Tˆ1
and Pˆ are not antiunitary operators. This differs from
the one appears in higher dimensional system [11]. It
turns out that the time-reversal symmetry takes a central
role contributing to the protection of degeneracies in 2-D
systems. In contrast, the model we study is a quasi-
1-D and possesses time-reversal symmetry, referring to
nonmagnetic material.
VI. SUMMARY
In summary, we studied two coupled SSH chains sys-
tem, which possesses a little more complicated phase di-
agram in comparison with that of SSH chain. It con-
tains three phases, two non-trivial topological insulating
phases and one trivial phase. Moreover, the boundary be-
tween these two quantum phases is still topologically non-
trivial, which arises from two topologically unavoidable
band closing points. As inter-chain coupling strength
varies, two topological nodal points appear, move, merge
and disappear in k space. We also show that the topolog-
ical invariant of the boundary is protected by the trans-
lational and inversion symmetries, rather than the an-
tiunitary operation in the case of 2-D semimetal phase.
Based on the results, we established the possible connec-
tion between the second order QPT, associated with a
gap closing and spontaneously symmetry breaking, and
the topological QPT characterized by the change of topo-
logical invariant. Our finding extends the understanding
of topological gapless phase and provides a platform to
experimentally work within the simple system, which has
particular advantages: a lower dimension and without
the need of magnetic flux.
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